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Payloads that behave like a liquid are carried onboard someprojectile configurations, and it iswell established that

the internal motion of a liquid payload can induce destabilizing moments on the projectile. This paper creates a

method to include the effect of a liquid payload in the flight dynamic equations of motion, enabling trajectory

simulations of projectiles with liquid payloads. To include this effect, liquid payload moments are added to the

applied loads on the projectile. These loads are computed by solving the linearized Navier–Stokes equations for a

projectile undergoing coningmotion. To highlight themethodology, trajectory simulation results are provided for an

example projectile with different liquid payloads configurations possessing stable behavior while one exhibits

catastrophic flight instability.

Nomenclature

a = radius of cylinder containing fluid, ft
c = half-length of cylinder containing N subcylinders, ft
mL = liquid mass; 2�a2c�, slug
~p = projectile angular velocity along projectile axis, s�1

Sg = gyroscopic stability factor
T = nondimensionalized coning frequency"

~u
~v
~w

#
= nonrolling projectile velocity"

~u
~v
~w

#
�
"

axial velocity

radial velocity

azimuthal velocity

#
, ft � s�1

t = time, s
Re = Reynolds number, a2 ~p=�
" = nondimensionalized growth rate per cycle
� = kinematic viscosity of liquid, ft2 s�1

� = liquid mass density, slug � ft3
~
..
.

= variable in nonrolling system

Introduction

W HILE the bulk of projectiles in use today behave as rigid
bodies while in flight, a notable number of projectiles are

purposefully designed to carry a liquid payload. For example, smoke
screens delivered by artillery rounds consist of a typical spin-
stabilized shell containing a canister filled with white phosphorous
[1–4]. Another example is new less-than-lethal projectiles having a
concentric cylindrical cavity filled with liquid, which delivers this
payload to a target upon impact [5]. Finally, some projectiles are
designed to be general payload delivery shells, including delivery of
medical supplies such as intravenous fluid bags [6].

There can be a significant difference in flight behavior between
liquid-filled and solid-filled projectiles. The difference is caused by
motion of the liquid inside the spinning projectile. This motion

causes forces to act on the projectile body, which can prematurely
terminate the flight by instability. Characteristics of this instability
are sharp increases in angle of attack (AOA) accompanied by large
changes in spin rate [7–10]. At gun launch, the motion of the
projectile causes the fluid to spin up in a time-dependent manner, but
it subsequently achieves steady flow.

Prediction of instability induced by a liquid payload installed in a
coning projectile has been analyzed by computational fluid dynamic
(CFD) theories and with analytic linear fluid theories based on
spatial-eigenvalue methods. The CFD solutions are generally best
suited to liquids with a low Reynolds number Re, while spatial-
eigenvalue methods can encompass a much broader range of Re. A
good survey of liquid-filled projectiles with a focus on flight
instabilities is given in [11]. Generally, analytic theories are a
composition of inviscid flow and viscous boundary-layer corrections
[12–14]. Prediction of flight stability of a liquid-filled projectile has
also been studied using tricyclic linear-projectile theory [15]. This
analysis assumes the effect of a liquid payload is similar to the
Magnus effect. Spectral analysis used to numerically compute liquid-
fill-induced moments has been incorporated into six-degree-of-
freedom (6-DOF) simulations [16]. The angular motion of a low Re
liquid-filled projectile has also been simulated using a precomputed
table of liquid-fill moments, obtained from CFD, in 6-DOF
calculations [17].

The present paper meshes a well-developed spatial-eigenvalue
theory directly into a standard 6-DOF projectile flight dynamic
model. Hence, a well established rotating liquid model calculates
liquid moments at each time step of the 6-DOF trajectory numerical
simulation without the need of interpolation to gain the effects of
liquid payloads. This paper further bridges the gap between the body
of literature on effects of viscous liquid payloads on projectiles and
6-DOF projectile flight dynamic modeling. The paper begins with a
review of rigid projectile flight dynamic modeling along with a
description of modeling a rotating liquid in a cylindrical cavity. The
two models are subsequently integrated such that a projectile flight
dynamic model with a liquid payload results. To highlight the utility
of the methodology, the flight dynamic model is exercised on an
example shell. Comparisons are made between a liquid-filled
projectile and a similar solid-filled projectile highlighting the
predictive capability of the new model.

Projectile Flight Dynamic Model with Liquid Payload

A typical 6-DOF rigid projectile model is employed to predict the
dynamics of a projectile in flight. These equations assume a flat

Received 28 September 2010; revision received 1 February 2011; accepted
for publication 4 February 2011. This material is declared a work of the U.S.
Government and is not subject to copyright protection in the United States.
Copies of this paper may be made for personal or internal use, on condition
that the copier pay the $10.00 per-copy fee to theCopyright Clearance Center,
Inc., 222RosewoodDrive, Danvers,MA01923; include the code 0022-4650/
11 and $10.00 in correspondence with the CCC.

∗Weapons and Materials Research Directorate. Senior Member AIAA.
†Sikorsky Associate Professor, School of Aerospace Engineering.

Associate Fellow AIAA.

JOURNAL OF SPACECRAFT AND ROCKETS

Vol. 48, No. 4, July–August 2011

664

D
ow

nl
oa

de
d 

by
 G

E
O

R
G

IA
 I

N
ST

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

Fe
br

ua
ry

 7
, 2

01
3 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.5
25

64
 

http://dx.doi.org/10.2514/1.52564


Earth. Thewell-known 6-DOF states comprise the three translational
components describing the position of the projectile’s center of mass
and the three Euler angles describing the orientation of the projectile
with respect to the Earth. Figures 1 and 2 provide a visualization of
the degrees of freedom.

The equations of motion [18] derived in the no-roll frame are
shown in Eqs. (1–4):

(
_x
_y
_z

)
�

c�c �s s�c 
c�s c s�s 
�s� 0 c�

2
4

3
5( ~u

~v
~w

)
(1)

( _�
_�
_ 

)
�

1 0 t�
0 1 0

0 0 1=c�

2
4

3
5( ~p

~q
~r

)
(2)

8<
:

_~u
_~v
_~w

9=
;�

8<
:

~X=m
~Y=m
~Z=m

9=
; �

0 � ~r ~q
~r 0 ~rt�
� ~q � ~rt� 0

2
4

3
5( ~u

~v
~w

)
(3)

8<
:

_~p
_~q
_~r
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;� �I��1

8<
:
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~N

9=
; �

0 � ~r ~q
~r 0 ~rt�
� ~q � ~rt� 0

2
4

3
5�I�

(
~p
~q
~r

)0
@

1
A (4)

Note that the following shorthand notation for trigonometric
functions is used: s� � sin���, c� � cos���, and t� � tan��� in
Eqs. (1–4).

The force acting on the projectile in Eq. (3) comprises the weight
force W and the aerodynamic force. The aerodynamic force is split
into standard A and Magnus M aerodynamic forces. The
combination of forces is expressed in Eq. (5):8<

:
~X
~Y
~Z

9=
;�

8<
:

~XW
~YW
~ZW

9=
;�

8<
:

~XA
~YA
~ZA

9=
;�

8<
:

~XM
~YM
~ZM

9=
; (5)

Equation (6) provides the expression for theweight force in the no-
roll coordinate system:8<

:
~XW
~YW
~ZW

9=
;�mg

(�s�
0

c�

)
(6)

Equation (7) provides the expression for the aerodynamic force in the
no-roll coordinate system. This force acts upon the projectile at the
aerodynamic center of pressure:8<

:
~XA
~YA
~ZA

9=
;���8 �V2

AD
2

8<
:
CX0 � CX2� ~v2 � ~w2�=V2

A

CY0 � CYB1 ~v=VA
CZ0 � CZA1 ~w=VA

9=
; (7)

Equation (8) provides the expression for the Magnus force in the no-
roll coordinate system. The Magnus force acts upon the projectile at
the Magnus force center of pressure:

8<
:

~XM
~YM
~ZM

9=
;� �8 �V2

AD
2

8<
:

0
~pDCNPA ~w

2V2
A

� ~pDCNPA ~v

2V2
A

9=
; (8)

Equations (7) and (8) are based on Mach-number-dependent
coefficients and the total aerodynamic velocity given in Eq. (9):

V �
����������������������������
~u2 � ~v2 � ~w2

p
(9)

The moment acting on the projectile in Eq. (4) comprises the
moment due to the standard aerodynamic forceA, the moment due to
the Magnus aerodynamic force M, the unsteady aerodynamic
momentUA, and the liquid payloadmomentL, as shown in Eq. (10):8<

:
~L
~M
~N

9=
;�

8<
:

~LA
~MA
~NA

9=
;�

8<
:

~LM
~MM
~NM

9=
;�

8<
:

~LUA
~MUA
~NUA

9=
;�

8<
:

~LL
~ML
~NL

9=
; (10)

Themoment due to the aerodynamic force is expressed in Eq. (11):8<
:

~LA
~MA
~NA

9=
;�

0 �RCZ RCY
RCZ 0 �RCX
�RCY RCX 0

2
4

3
5
8<
:

~XA
~YA
~ZA

9=
; (11)

The moment due to the Magnus force is expressed in Eq. (12):8<
:

~LM
~MM
~NM

9=
;�

0 �RMZ RMY
RMZ 0 �RMX
�RMY RMX 0

2
4

3
5
8<
:

~XM
~YM
~ZM

9=
; (12)

The unsteady aerodynamic moments acting on the projectile are
expressed in Eq. (13):

Fig. 1 Projectile position coordinate definitions.

Fig. 2 Projectile orientation definitions.
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8<
:

~LUA
~MUA
~NUA

9=
;� �8 �V2

AD
3

8>><
>>:
CDD � ~pDCLP

2VA
~qDCMQ
2VA

~rDCNR
2VA

9>>=
>>; (13)

The coefficients used in this model are specific functions of the
Mach number of the projectile. Forfin-stabilized projectiles,Magnus
force and moment are typically ignored, since their effect is rather
small for slowly rolling projectiles.

The angular motion of a projectile is altered by the inertial waves
propagating through the liquid payload. In turn, these waves act on
the walls of the liquid cavity and generate a liquid moment. The
impact of this moment can have a devastating impact on the
projectile’s angular motion [19–21]. For this paper, the liquid
moment is calculated from steady linear-projectile theory, which
incorporates solutions of the linearized Navier–Stokes equations
[18]. In general, this liquid moment model is a linear combination of
fast- and a slow-mode liquid moment contributions. At the top of
page 16 of [19], Murphy states that, for a steady-state coning
projectile with a liquid payload, “. . ..only the fast-mode motion is
adversely affected by the liquid side moment.” For this reason, only
the fast coning mode is used to calculate the liquid moment in this
paper. In particular, the liquid transverse and roll liquid moments
have the following form:

~LL

~ML

~NL

2
664

3
775�mLa

2 ~p2T

1 0 0

0 c� s�

0 �s� c�

2
664

3
775

K2CLRM

KCLSM

KCLIM

2
64

3
75

CLRM ��CLSM �
T"

2

�
1 � 4

3

�
c

a

�
2
�

K �
�����������������
~v2 � ~w2
p

V
; �� ~v

~w
(14)

Themoment coefficientsCLSM andCLIM depend on the fast-mode
coning frequencyT, fast-mode undamping ", cavity aspect ratio c=a,
liquid Reynolds numberRe, andmagnitude of axial spin [19]. Values
of the fast-mode pair �T; "� are obtained from Eq. (15):

T �
�������������������������������������������������������������������������������������������
2 ~p2�IX � a2mLCLIM�2 � ��CNAD2IYRCXV

2
p

2
���
2
p

~pIY

� IX � a
2mLCLIM
2IY

"� ��D
2�D�CMQT � CYPARMX�=2 � CNA�IYT � IX�=M�V

8 ~pT�2IYT � IX�

� a2mLCLSM
�2IYT � IX�

(15)

and the liquid moment coefficients CLSM and CLIM are calculated
using the techniques given by Murphy [19].

Results

The example simulations given here consider liquid payloads in a
typical projectile with mass properties Ix� 0:1157 slug � ft2,
Iy� Iz� 1:1972 slug � ft2, projectile weight� 103:0 lbf, and
projectile diameter� 0:510 ft. At launch, the projectile has velocity
V � 2460:0 ft � s�1 and axial spin rate ~p� 1500:0 s�1. The liquid
density �L is taken to be 3.5 times the density of liquid water, and the
viscosity � is selected such that launch Re 	 8 
 106. This is
sufficient to ensure the Reynolds number remains large so boundary-
layer analysis [18] adequately governs the liquid physics for the
entire trajectory. The liquid cavity is a cylinder, with aspect ratio
c=a� 3:75, completely filled with this low-viscosity liquid. The
range of nondimensional coning frequenciesT for a typical trajectory
of this projectile housing a frozen (solid) liquid payload is given in
Fig. 3.

The Reynolds number for a given aspect ratio can cause large
variations in the liquid moment when subjected to a range of
nondimensional coning frequencies T. Applying steady-state linear
liquid theory to a payload configuration undergoing coning motion
reveals, in Fig. 4, the sidemoment coefficientCLSM with c=a� 3:75,
for two numbers: Re� 8 
 106 and 8 
 108. These results depict
important CLSM behavior, where the peaks indicate a potential
problem due to large liquid moments when the nondimensional
coning rate T � 0:088. Note that the amplitude of the peak has a

Fig. 3 Nondimensional fast-mode coning frequencies.

Fig. 4 CLSM vs coning frequency and Re; resonance T � 0:088.

666 COOPER AND COSTELLO

D
ow

nl
oa

de
d 

by
 G

E
O

R
G

IA
 I

N
ST

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

Fe
br

ua
ry

 7
, 2

01
3 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.5
25

64
 



strong dependence on Re. Peak values of CLSM are close to two
orders of magnitude, larger than the nonpeak values of CLSM.

The chart in Fig. 4 suggests, for a sufficiently largeRe, a free flight
missile having nondimensional coning frequencies in the neighbor-
hood of T � 0:088 will experience a significantly larger liquid
moment than it does for frequencies outside this neighborhood.
Results such as these are characteristic of the root cause of projectile
instabilities due to liquid payloads. The aspect ratio coupled with a
large enough Reynolds number forces inertial waves in the coning
fluid to generate large CLSM coefficients [19]. In general, increasing
Re causes the liquid side moment to increase near T � 0:088, and
this pronounced peak signifies a possible resonant frequency. This is
one indicator of a liquid payload possibly causing the fast coning
frequencies to change such that an instability occurs near T1 � :088.
Note that the range of frequencies given in Fig. 4 is close to the fast-
mode T frequencies for the frozen liquid found in Fig. 3.

Next, we present a series of results showing the effect a liquid
payload has on projectile angular motion during flight. Results
presented here are for a launch Re� 8 
 106, which is large enough
so a linear liquid theory with boundary-layer corrections is valid
throughout the entire trajectory. Figures 5 and 6 compare roll
moment and spin rate results for a frozen liquid and a flowing liquid.
These variables are selected, since the rotational physics of a
projectile is a strong indicator of flight instability caused by liquid
payloads [18].

The liquid payloads for the launch Re chosen in these examples
also have a small effect on projectile roll rate.

Evidently, the increased magnitude of the projectile roll moment
due to the flowing liquid is not sufficient to cause flight instability.

The liquid side moment coefficient CLSM is an important
parameter when evaluating the impact a liquid payload has on
projectile angular motion. Figure 7 shows the fast-mode liquid
moment coefficient as a function of T.

Figure 8 compares the AOA for identical projectiles with payloads
supporting inertial waves and frozen liquid payloads.

Apparently, the inertial wave motion slightly increases the AOA
for a liquid with launch Re� 8:0 
 106 and 8:0 
 107, but this
increase is not enough to cause concern of flight instability. In fact,
the results presented so far show no indication of flight instability,
even when the projectile has a coning rate near T1 � 0:088 for the
potential problem in CLSM, found in Figs. 4 and 7.

To understand the dynamics of a liquid-filled projectile exhibiting
angular instability, we consider Fig. 4 and exploit the peak value of
CLSM near T � 0:088. Thus, to substantially increase the size of the
liquid moment, we assume the payload comprises a hypothetical
liquidwith a decreased viscosity, so that the launchReynolds number
is large enough to cause substantial increases in liquid side moment
during flight. In particular, we want this liquid to generate large
enough values of CLSM for T � 0:088 to alter the angular motion of
the projectile. A sufficiently large decrease in projectile spin rate,
along with a large increase in AOA, suggests the hypothetical liquid
may cause premature termination offlight. Figure 9 has a comparison
showing the fast nondimensional T dependence of the side moment
coefficient CLSM rapidly increasing near T � 0:088 for launch

Fig. 5 Projectile roll moment for frozen and flowing liquid payloads.

Fig. 6 Projectile spin rate for frozen and flowing liquid payloads.
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Fast-Mode Liquid Side Moment Coefficient

0.00

0.02

0.04

0.06

0.084 0.085 0.086 0.087 0.088 0.089 0.090 0.091 0.092 0.093 0.094

Fast Coning Frequency T

C
L

SM

Launch Re = 8x106

Launch Re = 8x107

Fig. 7 Liquid moment coefficients vs nondimensional fast-mode frequency.

Fig. 8 Comparison of AOA of frozen and liquid payloads.

Fig. 9 Comparison of projectile side moment vs payload launch Re.

Fig. 10 Projectile AOA vs launch Re of liquid payload.
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Re� 4 
 108. This indicates a possible increase in the magnitude of
projectile angular motion, which is consistent with the resonance
configuration presented in Fig. 4.

Figure 10 compares theAOAof the projectilewith liquid payloads
having two different launch Re.

The projectilewith launchRe� 4 
 108 causes the fast frequency
at t� 4:5 s and T � 0:088 to generate anAOA > 50 deg, for which
the judgment was make to terminate the numerical integration.

Figure 11 shows the corresponding projectile roll moment L
rapidly increasing in magnitude due to the larger Reynolds number.
Note that, in the neighborhood ofT � 0:088 and the fastmode, liquid
motion is responsible for increasing magnitude of L.

Figure 12 shows the corresponding projectile roll rates for the
launch Re� 8 
 106 and 4 
 108, which correlates with the size of
liquid moment coefficient CLRM, as shown in Eq. (15).

Figure 13 compares corresponding pitch rates of the frozen liquid
and launch Re� 4 
 108 configurations. The rapid increase in q
values near t� 4:5 s is caused by the fast-mode liquid side moment.

A contrast in projectile yaw rates for frozen and liquid payload is
given in Fig. 14. Again, the rapid increase in yaw rate takes place near
t� 4:5 s in the neighborhood of the fast-mode resonance.

These calculations show a significant difference in projectile
angular motion when the liquid payload has a launch Re� 4 
 108

compared with the same projectile with a frozen liquid.

Fig. 11 Comparison of projectile roll moment vs launch Re.

Fig. 12 Comparison of roll rate due to payload launch Re.

Fig. 13 Comparison of pitch rates due to frozen and liquid payloads.
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Conclusions

An integrated trajectory simulation for a projectilewith an internal
liquid payload has been created and exercised. The liquid moments
are calculated using linear liquid theory applied to a low-viscosity
liquid undergoing two-mode steady-state coning motion. High
Reynolds number boundary layers approximate the liquid shear
moment yielding an average quasi-static liquid moment that is
applied to a nonlinear 6-DOF time-dependent trajectory model.
These quasi-static averages yield approximate predictions describing
the motion of projectiles with low-viscosity liquid payloads filling a
cylindrical cavity. The nonlinear 6-DOF motion of a projectile is
often well approximated as the sum of fast and slow coning motions.
Thus, under these conditions, the linear liquid analysis can predict
when a projectile exhibits flight instability due to a liquid payload by
tracking the coning frequencies during the 6-DOF numerical
integration process. Calculations presented in this paper show how
both stable and unstable liquid payload configurations influence
trajectory flight parameters. Unstable liquid payload configurations
result from an improper combination of liquid Reynolds numbers,
payload geometry, and quasi-static projectile coning mode rates. In
such cases, the projectile roll rate and axial moment decrease rapidly
due to the quasi-static liquid moment.
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Fig. 14 Comparison of yaw rates due to frozen and liquid payloads.
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