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Introduction and alignment of an inertial measurement unit using Kalman fil-
Iering. The basic inertial measurement uiiidU) dynamic equa-

I_nsertlon of active control technology into fT‘.ed'“m. and SmaLons are augmented with state equations to predict unknown sen-
caliber gun launched bullets offers the possibility to increase ti%

lethality of these weapons by an order of magnitude. Fundame%r parameters, so that sensor ermors can be estimated and

tally, actively controlled projectiles greatly reduce shot-to-sh irected in real time. Later, Kong, Nebot, and Durrant-Wiigle
Y, y proj 9 y veloped an inertial navigation system alignment and calibration

thod capable of estimating large misalignment of sensors.

environment, particularly at launch where large accelerations &

exgerlence_d. Ig thl's environment, tt?e senso(;s,Fcon;[]rol mechatl)nll ffion for all three single axis accelerometers as well as gyroscope
and associated electronics must be rugged. Furthermore, bullgl3e factor, bias, and cross axis sensitivity for all three single axis
are relatively small objects and physical space requirements |8 ,scopes. The calibration device accommodates many projec-
the flight control system must be minimized to maintain targefie simultaneously so that it can be used in a high production rate

effects generated by the munition. Practical implementation pfsnfacturing system as one of the last operations on the produc-
actively controlled medium and small caliber projectiles into thgq, jine.

arsenal will be driven not only by flight performance but also by
system cost. Significant cost advantages are attained by emplgysjinration Device

ing inexpensive sensors in the flight control system, yielding con- _ . . . . .
consumately less accurate devices. Figure 1 provides a sketch of the calibration device. The cali-

In order to increase the accuracy of individual sensors, errBfation platform consists of a rigid table supported at each corner
sources such as bias, scale factor, and cross axis sensitivity ca?p&'astic elements. The center of the table is fixed to a gimbal
experimentally determined by exciting the sensor and contrastift: therefore limiting the platform to 3 rotation degrees of free-
the results against a known source. For example, Tfigfinlis- d0m. Limiting the platform to 3 degrees of freedom greatly re-
cusses common techniques for obtaining the scale factor of Q#ces the complexity of the position and orientation measurement
accelerometer. McConnell and H4#] as well as Witter and system which in turn reduces measurement errors that adversely

Brown [3] considered calibration of accelerometers mounted ordaect calibration accuracy. The calibration platform is a passive
rigid beam. Cross axis sensitivity of each sensor was estimafRfplem: meaning the necessary motion is obtained by deflecting

using frequency response methods. Boutillon and Fedjrdevel- eff_pl_atform ffom.“sf eq””igrium StaEtF in Sufh a fashion to excite
oped the mean projection method for cross axis sensitivity estinfiiticlent mation in iree vibration. Elastic element properties are

tion of accelerometers using standard vibration shakers. Sigton tuned to minimize parameter estimation time. The table surface
as well as Payne and Evef considered accelerometer calibraSONSiSts Of numerous projectile mounting fixtures which allow for
tion using laser interferometry. Gabriels¢#] reported a tech- qwck and precise fastening of a large quantity of rounds onto the

nique to calibrate accelerometers and velocity sensors usin ixture that is necessary for a high production rate manufacturing

simple fixture and 2 geophones. Sensor errors can also be ge é‘}l"o”'.me”‘- Each .mouming fixture Secures the bullet in a unique
b geop 9 Qrentation and position such that the distance vector between the
F%‘

elerometer scale factor, bias, cross axis sensitivity, and mispo-

ated by improper placement and orientation of sensors on {] : . . -
parent body. These types of errors can be reduced by exciting { le pivot point and the mass center of the bullet is established

sensors that are mounted on the body and contrasting the meas{if&! high precision. In addition, three angular potentiometers are
ments against a known source. GreWall considered calibration Mmounted at the gimbal joint. These potentiometers provide the
platform Euler orientation angles and when differentiated, angular

—_— ) N . ... velocity and angular acceleration. With this information, platform
Contributed by the Manufacturing Engineering Division for publication in thei(. . . . . L.
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Fig. 1 Schematic of sensor calibration device
the IMU of each bullet is obtained through a wiring harness con- R R R R
nected directly to each bullet. Relative to the onboard projectile wg=plg+aqls+rKg 2
sensors, the platform sensors are very accurate and in this work ) ) ) ) o
assumed ideal. The kinematic relationship between time derivatives of the Euler
angles from Eq(1) and body frame angular velocity components
Dynamic Model of Vibrating Platform in Eq. (2) is shown in Eq/(3).
Performance of the sensor calibration system is analyzed using . 1 st c
dynamic simulation. The calibration device dynamics are modeled ¢ i ¢ P
as a rigid body with 3 rotational degrees of freedfb®] The o1=|0 ¢c4 ~S¢ |14 (3)
orientation of a body element is defined by a sequence of three i 0 s4/cy Cylcy r

body fixed Euler angle rotations. Starting from the inertial refer-
ence frame a rotation of is executed about th, axis. The Equation(3) uses the following shorthand notation for trigono-
resulting rotated reference frame is called @drame. Next, the metric sine, cosine, and tangent functiosg=sina, c,=cosa,

O frame is rotated about thik, axis by the angle. The resulting t,=tana. The rotational dynamic equation for the calibration
reference frame is denoted tfleframe. TheT frame is subse- platform is achieved by setting the total applied moment on the
guently rotated about thig axis by the anglep yielding the body platform about the platform mass center equal to the time rate of
reference frame. The angles, 6, and ¢ are the Euler angles change of the angular momentum of the platform. Equat®n
associated with the body. The angular velocity of the body can describes this equation with components in the platform reference

written in terms of Euler angle time derivatives, frame.
g = ¢lr+ 0Jo+ UK, (1)
or in terms of the calibration platform reference frame angular
velocity components. 10 T
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Fig. 7 Accelerometer scale factor parameter estimates vs.
Fig. 5 Gyroscope signal vs. time  (solid line =gyroscope read- time (solid line =estimate, dashed line =kinematically con-
ing, dashed line =kinematically constructed angular velocity ) structed value )
) 0o - L N 2= Zo, Yo Yo Xs,
b L P P |\/|S 2 Z.—2 0 Xg— X Y
ar=[1*{M—| r 0 —p|[]5a 4) Ol A e o~ Xe, ZsK (6)
r N —-q p 0 r S ye_yck Xck_xaa 0 Sk

In Eq. (4), | denotes the mass moment of inertia matrix of thdn€ spring force vector is determined by multiplying the spring
calibration platform about its own mass center. Also in B, Stiffness by the change in length of the spring and aligning this
L,M,N represent the components of the total externally applid@ce along the unit vectoe; pointing from the floor connection
moment vector on the body about its own mass center expres§8int o the table corner.

in its own reference frame. The applied moments about the mass X e,
center of the table are caused by gimbal joint reaction forces and S K
elastic support loads. Vs p =k Asey Sy, (7)
z e
L Ls Lo Lg S %
M} ={ Mg} +4 Mp} +{ Mg (5) where:
N NS ND NR . FFKHTK o o o
The applied moment component due to spring forces is computed &= Fr 1] =& lite Jdite K (8)
by crossing the distance vector from the platform mass center to koK
the spring attachment point with the spring force vector. As=s,—|Fe 1| (9)
k™ 'k
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Fig. 6 Accelerometer cross axis sensitivity parameter esti- Fig. 8 Accelerometer #1 misposition parameter estimates vs.
mates vs. time (solid line =estimate, dashed line time (solid line =estimate, dashed line =kinematically con-
=kinematically constructed value ) structed value )
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Fig. 11 Accelerometer bias parameter estimates vs. time
(solid line =estimate, dashed line =kinematically constructed
value)

The moment components resulting from the effect of the four

dampers are determined in the same fashion as the springs.

Lo N 0 Zo~Ze, Y, Ve Xp,
Mp | = 2 S| 4o, Ze 0 Xo — X, Yb,
k=1
No yasfyck Xckfxe 0 ZDk
(10)

Where the damper force vector is given as:

The gimbal joint reactions are computed using the translational
dynamic equations

XR aex 4 Xsk 4 ka
Vat -m 2yt -mg- 3 | Yot -3 { Vo,
ZR aagz k=1 Z§< k=1 ZDk

where the mass center acceleration can be written as:

ka €
YDk :CkSk ey|< (11) a@x Xg —Xp Xo — Xp
ZDk €z, e, ¢ =[S,+S,S,1{ Yo~ Yr{ =[Sy Yo~ VYpr (24)
The moment due to the reaction force located at the gimbal joint is Ag, Zo—1Zp Zg—1Zp
computed according to
0 -r
L D 0 Zy—Zp Yp—VYe XR 0 q
. — r —
Mpb=|2o—2s 0  Xo—xp|{Yary (12) where: S, P
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Fig. 10 Accelerometer #3 misposition parameter estimates vs.

time (solid line =estimate, dashed line =kinematically con-
structed value )
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Fig. 12 Gyroscope cross axis sensitivity parameter estimates

vs. time (solid line =estimate, dashed line =kinematically con-
structed value )
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Fig. 13 Gyroscope scale factor parameter estimates vs. time Fig. 15 Accelerometer Parameter Settling Time vs. Spring
(solid line =estimate, dashed line =kinematically constructed Stiffness.
value)

mounted to the projectile. Description of the sensed acceleration
0 -t g of the " accelerometer is aided by tie reference frame that has
its origin located at the sensor point and lhgieaxis aligned with
. ) the sensitive axis of thé"iaccelerometer. Thé"iaccelerometer
-9 p O and body reference frames are related by
Equation (14) incorporates the fact that the acceleration of the

gimbal point is zero. s I_B

The dynamic model of the 3 degree of freedom vibrating plat- Js ¢ =[Tal} s (15)
form yields a set of six first order differential equations of motion _ [ -
which are integrated forward in time using a fourth order Runge- Ks, Kg

Kutta method to predicd, 6, #, p, q, andr. Kinematic equations

are subsequently used to determine acceleration at any point
the table corresponding to sensor locations. In order to simuldt¥
actual sensor readings, the sensors are mispositioned and BAEN bY:

TJ}‘F acceleration of the point where th&@ accelerometer is
unted expressed in th& iaccelerometer reference frame is

scale factor and cross axis sensitivity/misalignment errors along a, Xp—Xa;

with noise are superimposed on the simulation sensor data. These ' B '

two sets of data are used to investigate the calibration procedure. ay, 1 =[S,+S,S,1{ YP YA (16)
a, Zp—Zp,

Single Axis Accelerometer Model . . .
S o Readings obtained by an accelerometer are corrupted by noise,
_Each projectile is rigidly mounted on the calibration platformbias errors, cross axis sensitivity, scale factor error, and misposi-
Likewise, each projectile has 3 single axis accelerometers rigidipn. Because accelerometers record gravitational loads, the effect

0.05 , 07 ! ! '
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Fig. 14 Gyroscope bias parameter estimates vs. time (solid Fig. 16 Gyroscope Parameter Settling Time vs. Spring Stiff-
line =estimate, dashed line =kinematically constructed value ) ness.
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Fig. 17 Accelerometer Parameter Settling Time vs. Magnitude
of Initial Motion.

Bxyp ay, AXpp ay, S

Byup [ =9 & TIS] 0 =1{ 8y, ¢ +Axyp Sy

of gravity is also present in the readings. Thus, the sensed read a, a, 0 a, Si
ings by the " accelerometer can be described by: MP ' '

ai=ay tag+[Sy Ch CilTa] Also, express the scale factor as unity plus a facr,
Xp_ XAi - 5Xi — SB aXSF axi axi
X [Sa+ Swsw] Yp~ yAi - Wi -9 S¢Cl9 (17) aySF = ayi + Sﬁ ayi (19)

Zp—Zp— Y4 C4Cy 8z, a,, a,

For purposes of global calibration, cross axis sensitivity and migor single axis accelerometers, the measurement with misposition
alignment of the sensor create the same effect on sensor readigf®)r Is a [lnear comblna.tlon f)f the measurementiw!th scale factor
however only cross axis sensitivity effects are included in theror leading to both calibration parameters modifying the sensed

model above. Thus, identified cross axis sensitivity includes seeceleration in a linear fashion. However, when motion is caused
sor misalignment. by translation and rotation of the body or the sensor registers

On a body with one point fixed, the effect of scaling an accelranslational acceleration, as is the case for an accelerometer, scale
eration measurement and the effect of misplacing an accelerdi@ctor and misposition are distinguishable.
eter are indistinguishable. To see this, express the acceleration
components in a reference frame where Ithaxis is aligned with Single Axis Rate-Gyroscope Error Model
the misposition vector. Each projectile also has three single axis rate gyroscopes that
are rigidly mounted the projectile. Individual gyroscope reference
frames are related to the body frame by:

35 T T T T T
~+- Gyroscope Cross Axis Sensitivity
—e— Gyroscope Scale Factor
3% —— Gyroscope Bias )
\
25
2 | &
= &
-
£15 £
=} k=4
& 0.
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Fig. 18 Gyroscope Parameter Settling Time vs. Magnitude of Fig. 20  Accelerometer Scale Factor Parameter Settling Time
Initial Motion. vs. Projectile Mounting Position.
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Fig. 21  Accelerometer Bias Parameter Settling Time vs. Pro-
jectile Mounting Position.

s

g
Js ¢ =[Tg]{ Je (20)
KSI KB

The angular velocity of thei gyroscope expressed in th& gy-
roscope reference frame is given by:

Wy

i Ps

Wy, :[TGi] Us (22)
w5 g

The true rotation rates are corrupted by noise, bias errors, scale

factor error, and cross axis sensitivity.
Pe
w;j=wy,+wg +[Sg, Céi Céi][TGi] Us
s

(22)

Kalman Filter Estimation

rameters, a calibration test is executed and all measurements are
recorded and stored. After the test is complete, calibration param-
eters are computed using the entire data set. In a batch estimator,
all measured data is first stored and then processed. For large
streams of measurement data, this requires manipulation and
evaluation of large matrices and vectors. With a recursive estima-
tor, computation of the calibration parameters evolves as new
measurement data is introduced. In a recursive estimator, the en-
tire set of measurement data does not need to be stored and ma-
nipulating and evaluating large matrices and vectors is avoided. A
recursive estimator is well suited to real-time environment since
estimation of calibration constants evolves as measurement data
becomes available. It is then possible to monitor convergence of
the calibration parameters, thus enabling excitation of the system
until acceptable convergence of the calibration parameters is
achieved. Kalman filterin¢KF) is a widely used recursive method
to estimate the state of a linear system at a given instant in time
using measurements that are linearly related to the states and cor-
rupted by nois¢11]. A Kalman Filter minimizes the square of the
estimation error when measurement noise is Gaussian. It can also
be used in non-linear systems using the extended Kalman filter
(EKF) [12]. The Kalman filter is an iterative routine which begins
with an initial estimate of the state and corresponding covariance
matrix. The state and covariance matrix are extrapolated forward
in time using an analytic model of the system. Using measurement
data, the Kalman filter gain is computed, and a new estimate of
the state is calculated. Due to the fact that the error parameter
model is nonlinear, a batch processing technique is not suitable.
The calibration parameters to be estimated are the following
constants: accelerometer bié® constants accelerometer scale
factor (3 constants accelerometer cross axis sensitiviy con-
stants, accelerometer mispositig@ constants gyroscope biag3
constanty gyroscope scale factdB8 constants and gyroscope
cross axis sensitivity6 constants Evolution of the 33 calibration

constants to be estimated can be cast in the form:
ik: A?k*l+ Buk,l (23)

where:A=[1], B=[0]. The measurement model(X,) is given
by the expansion of Eq$17) and (22).

(24)
(25)
Since the KF is an optimal linear estimator, the above nonlinear

Z=ci(Xy)

- T
Z=[a; ay ag w1 w, wg]

Many approaches are available for parameter estimation prabeasurement model,(X,) is linearized leading to the discrete
lems. These methods can generally be split into two types: bateKF.
and recursive. In the case of a batch estimator of calibration pa-

Jc
K= om0 (26)
X=Xy 1
In general, evolution of the covariance matrix is governed by the
equation:
Py=AP_1AT+Q 1 (27)
which simplifies to:
Py=Pk-1 (28)

when estimating constants. When new measurement data becomes
available, the states are updated from:

Settling Time (sec)

X =Ki— 1+ Ki(ze=Z) (29)

where the Kalman gainK,, is the factor used to weight the
current measurement in the state estimate routine:

Ki=PyCr[CkPcCi+ Ry ] * (30)

The covariance matrix corresponding to the current state esti-
mate is then updated. Shown below is the Joseph form for the
covariance matrix update.

Pi=(1— K C) P 1(1 = Ky Ci) T+ K RK{

Y Position (ft)

X Position (ft)

Fig. 22  Accelerometer Misposition Parameter Settlign Time

vs. Projectile Mounting Position. (31)
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The dynamic platform simulation provides the corrupted readettling time for the accelerometer misposition parameters is the
ings () and the non-corrupted valueg,J. The measurement largest, these parameters drive the performance of the calibration
model (C,) is obtained by linearizing Eq$17) and(22). Having table.
these, Eqs(30) and(31) provide a means for calculating the Kal-  Although not shown in figure form, support damping has little
man gain and determining a new estimate of the calibration peffect on convergence of any calibration parameters except accel-
rameters. This iterative process is repeated at each time step. erometer misposition. Accelerometer misposition settling time is

minimized when damping is zero. Accelerometer misplacement
Results converges quickest when the stiffness on each support is equal.
o . . . . Figures 17 and 18 investigate the effect of the initial magnitude

IMU sensor calibration for a single bullet was investigated Wit motion, as measured by the total initial angular deflection of the
the following error parameters considered: accelerometer and @ypje, on the settling time performance. For these cases, support
roscope scale factor, bias, cross axis sensitivity along with accgliffness and damping coefficients are held constant at 65 Ibf/ft
erometer misposition. Figures 2—-14 show time simulation dafgq 0 |bf sec/ft respectively. As the magnitude of initial motion is
and the callbratlon_ parameter estimation dynamlcs for a nom'r]ﬁl:reased, settling time rapidly drops off. However, around 20
case. For the nominal case the size of the table is 4 ft. by 4 ft. agdgrees of initial angular displacement a point of diminishing re-
weighs 200 Ibs. The four spring and damper coefficients are URins is experienced as the settling time levels off.
formly set to 65 Ibf/ft and 0.3 Ibf sec/ft respectively. A single Figures 19—22 examine the effects of bullet placement on the
40-mm round is located &t ., =[1.01.0 0.2" and is rotated taple on calibration parameter settling time. The calibration table
45° about)g and 45° aboutg so as to excite each accelerometeis loaded with 100 bullets evenly distributed across its surface.
with roughly the same acceleration magnitude. For Figs. 2—-2kcelerometer cross axis sensitivity, scale factor and bias param-
sensor data was sampled at 1000 Hz for Kalman filter measueger settling times are minimized as bullet placement moves away
ment data input. from the center of the table. However, accelerometer misplace-

A schematic of the table is shown in Fig. 1. The pitch angle ahent parameter settling time is unaffected by table placement po-
the table oscillates through more than 80 degrees initially atsgtion. Since accelerometer misplacement settling time is gener-
frequency of approximately 1 Hz. The table roll angle is initiallyally the largest, bullet position does not affect total calibration
—20 degrees and experiences damped vibration, also at a &ettling time.
qguency of approximately 1 Hz. The yaw angle of the table begins
at 20 degrees and wonders between 20 degrees-dfiddegrees )
through the event. The angular rates of the table in Fig. 3 show th@nclusions
rates remain under 6 rad/sec. Figures 4 and 5 show representatiig js possible to utilize a simple free vibrating platform with

accelerometer and gyroscope readings with sensor calibration Sojectiles rigidly mounted to determine a range of calibration
ror and noise compared to perfect acceleration and angular rgi§ameters for accelerometers and gyroscopes that are part of pro-
quantities. Although sensor errors are relatively small comparedj&t”e sensor suites. This technique should be helpful to smart
the signal, when used as part of an IMU, the accelerometer Megpjectile manufacturers seeking to minimize total design cost of
surements are integrated twice to obtain position and the gyisch round and permit high volume manufacturing lines. Settling
scope data is integrated once to obtain body orientation anglgge of calibration parameters is sensitive to corner support stiff-
Seemingly small errors in the measurement data propagaiss put largely insensitive to corner support damping. The mini-
q_U|ckIy into large position/orientation errors when integrated inpym settling time is achieved when the corner support stiffness’
side an IMU. o _ ~are equal and the damping is zero. The settling time is relatively
Figures 6—14 show the estimation dynamics of the projectilgaffected by projectile mounting location, permitting use of the
calibration parameters. A total of 33 calibration constants are mplete calibration table surface. Accelerometer misposition
timated. In an ideal sensor system, bias and cross axis sensiti@ffipration constant estimation generally requires the longest time
equal zero and scale factor equals one. Also, in an ideal sengpkettie and as such drives the overall performance of the calibra-
system, the sensors are mounted exactly in the correct locationiy device. Settling time of the calibration parameters is a strong

the body. Calibration constants are initially set to ideal values. Aflinction of the initial magnitude of motion and shows a rapidly
parameters converge to 1% of their actual value within 2.5 segacreasing trend.

onds and most converge much more rapidly. Accelerometer cross

axis sensitivity values are largely converged within 0.6 seconds

while the gyroscope cross axis sensitivity values are convergbidmenclature

within 1.5 seconds. Scale Factor estimates converge within 1.5

seconds for both accelerometers and gyroscopes. Acceleromete

misplacement requires the longest time to converge, as shown fn™

Figures 8—10. Accelerometer bias converges within 1 se@®igd

11), while the gyroscope bias converges in 0.5 secdfits 14).
In order to understand how specific table characteristics affect o

the performance of the estimation process, several parametric Xk = Parameter estimation state vector at tHecomputa-

studies were conducted including varying support stiffness and tion step o

damping, magnitude of initial motion, and projectile position on % = Parameter estimation measurement vector at the k

the table. Figures 15 and 16 show the settling time of the accel- computation step ) _ )

erometer and gyroscope parameters respectively as a function ofKk = p?rameter estimation Kalman filter gain matrix at the

spring stiffness. In this case, damping of the corner supports is set K computation step

to zero and the corner support stiffnesses are equal. For each ¢ = parameter estimation measurement model )

support stiffness, many simulations were performed by varying Ck = parameter estimation linearized measurement matrix

prb = Euler roll, pitch and yaw table orientation angles

g,r = angular velocity of table with respect to the ground
expressed in the table reference frame

L,M,N = total applied moment on the table about the table

mass center

the initial orientation of the table from an initially quiescent state. at the K" computation step

The initial orientation angles were modeled as independent guas- | = mass moment of inertia matrix of the table about the
sian random variables with zero mean and a standard deviation of table reference frame

25 degrees. All calibration parameter settling times rapidly decay Ax = parameter estimation state transition matrix at the k

to constant values as a function of support stiffness except accel- computation step

erometer misposition. Accelerometer misposition settling time is Py, = parameter estimation error covariance matrix at the

minimized near a uniform spring stiffness of 65 Ib/ft. Since the k" computation step
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R¢ = parameter estimation standard deviation of measure-fs .., = distance vector from the table mass centett¢able
ment noise at the'kcomputation step support
Te, = transformation matrix from body reference frame to ki = spring constant of thé"isupport

the 1 gyroscope reference frame ¢i = damping coefficient of the"i support
G ! fp_.o = distance vector from table pivot point to table mass
s’ = scale factor of the'l gyroscope

center
Ciy = cross axis sensitivity of thé"igyroscope with respect
to theJg, axis
cG = cross axis sensitivity of thé"igyroscope with respect
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